1. Introduction. - In spite of the fact that in recent years considerable success has been achieved in the description of the atomic structure within the Hartree-Fock method, interest to the studies of atomic properties with easier methods is still increasing. Especially attractive in this respect is the Thomas-Fermi (TF) model of an atom [1] , which provides analytical relations of the physical properties of atomic systems with natural parameters, namely : the electron number N and the nuclear charge Z.
The goal of this work is to obtain accurate analytical estimates of the expectation values of t4 within the statistical theory including the strongly bound electron contribution.
Consider a system of N electrons at distances ri (I i N ) from the nucleus. The expectation value of the position operator 14 is defined by where 4J(rl ... ri ... rN) is the wave function of the system. The range of a depends on the wave function behaviour at zero and at infinity and is given by the expression
The main part of e &#x3E; for some a may be obtained within the simple statistical TF model following below.
2. Simple Thomas-Fermi model . - The TF model of atomic systems is based on the assumption that the electron charge in an atom is distributed continuously with the density p(r).
In the TF model p(r) is related to the dimensionless atomic potential 'P(x) [1] Here x is the dimensionless radius defined by the expression :
T(x) is the solution to the dimensionless TF equation
with the boundary conditions where xo is the ion boundary. For a neutral atom xo -oo. Here and below atomic units are used. Using (3) it is easy to obtain the expression for the expectation value of the operator 14 in the TF-model :
From equations (4) and (5) one may see that both potential T(x) and xo depend on the parameter N/Z alone. As Lieb and Simon [2] have shown, the TF-model is asymptotically exact in the limit N -oo. Therefore, equation (6) gives asymptotically exact estimate of(l) in the range of a where the integral in the right-hand side exists. For a neutral atom, equation (6) Combining equations (b), (8) and (9) yields the expansion of ( r TF at small N/Z for arbitrary a( -3/2 a oo) :
The expression of AQ(a) for arbitrary a was obtained in [6] , and the derivation of A 1 (a) for the integer a is given in Appendix. An At a &#x3E; 3, the substitution of xo(N/Z) and asymptotic (13) into (14) gives :
Expressions (17) and (18) (10) can be improved using the Pad6-approximants. Equations (10) and (17) through (19) define the expectation value P as a function of N and Z at a large electron number.
3. Improved TF-models. -Expressions (7) and (10) for expectation values can be noticeably improved with allowance for the quantum corrections due to exchange and inhomogeneity of the electron density within the TF-model. Numerical values of t4 &#x3E; with the exchange interaction correction are usually obtained on the basis of the Thomas-Fermi-Dirac (TFD) equation [9] . The main difference between the TFD and TF-models is that a neutral TFD atom is limited by xo oo. Therefore, e &#x3E; may be evaluated at a &#x3E; 3.
The analytical dependence of the exchange contribution on N and Z may be conveniently obtained by the first-order equation with respect to the exchange parameter, p = 1(6 nZ)-2/3 [10] :
Using expression (20) for the electron density, we may re-write (6) as :
Here xex = Xo + å1 x is the boundary radius with the exchange interaction included. The analysis of ra &#x3E; through (21) for a neutral atom was made earlier [10] . Let us repeat the main conclusions of this work. If a 3, then ( t4 &#x3E; for a neutral atom can be expressed as the sum of two parts : where x,,. -Z'1' is the boundary radius of a neutral atom [10] . Allowing for the asymptotic behaviour of V'e----27/x, one observes that 14 &#x3E;e. with -3/2 a 1 may be expressed by : At a &#x3E; 3, equation (22) does not hold because integrals (6) and (23) Some of the first xk(y) were found in [6] from the inhomogeneous second-order equation hierarchy.
Using the boundary condition at x = 0, we have found (see Appendix)
Substituting (27) The electron density inhomogeneity may be easily included within the Kompaneets-Pavlovsky (KP) equation [11] :
Here WKP(X) is the function which includes all first-order corrections with respect to fl, i.e. the effects of the exchange interaction and inhomogeneity of the electron density. Equation (31) Equation (42) gives the correct estimate of r" &#x3E;KP only for N interacting electrons. The exact result for non-interacting electrons can be easily obtained from the summation over states within quantum theory. 4 . Strongly bound electrons. - The estimate of e &#x3E; at -3 a -3/2 and the essential improvement of ra &#x3E; at -1/2 a -3/2 can be obtained with the quantum effects near the nucleus taken into account. A correct treatment of the strongly bound electron contribution has been recently suggested by Schwinger [12] . Following Schwinger, we delete from semi-classical integral (6), the incorrectly described contribution of strongly bound electrons with the energy below (e). With the electron interaction neglected, it is possible to calculate their contribution by summation over the states of ra & # x 3 E ; , , , for a hydrogen-like ion :
where n' is the maximum value of the main quantum number of strongly bound electrons n' = (Z 2/ -2 B )1/2 ; n' may be a non-integer; the symbol [ ] denotes an integer part of the number.
The contribution of the bulk electrons is calculated using the TF-model. It is natural that the contribution of strongly bound electrons, once taken into account by equation (44), must be deleted from the TF-contribution. Assuming that they are located at 0 x x. where x. = 2 n'2(Z/l)-1 = -2 Z(sy) -', it is possible to express the TF-contribution as a sum of two parts :
In the second integral, the part to be subtracted is a quasi-classical analog of (44) ; the electrostatic potential VFTF(X 1) is expressed as tJ1TF(X) = 1 + TT'F(o) X' The partial integration of the first integral in (45) and the evaluation of the second one up to the terms The second right-hand term of (46) -(n')2a+ 3, is cancelled by one part of the strongly bound electron contribution (44). For the integer a = -1 and a = -2, it can be easily shown by direct summation over n and 1 using the expressions of e & # x 3 E ; , , , from [13] that Approximating the stepwise function [n'] according to [12] by the continuous function [n'] = n' -1/2, one can easily see that throughout e &#x3E; = ( 14 )sb + r' &#x3E;TF the terms depending on n' are cancelled out. [15] ).
In a similar way, for arbitrary -5/2 a -1/2, we may express (a :A -3/2)
The value Aq(-2) obtained in [14] is presented in table I along with Aq(-1). Equation (48) includes two terms, namely, quantum and TF ones. At a &#x3E; -3/2, the latter coincides with expression (6) obtained previously. The TF-term, in its turn, may be supplemented with the corrections for the exchange and inhomogeneity of the electron density. We will now consider the cases when it is legitimate.
At -5/2 a -3/2 the quantum contribution _ Z-a is the main one and ( e &#x3E;TF -Z(' -a)13 is a correction for it. The inclusion of r4 &#x3E;,,x or ( e )p is not valid since these terms are of the order of Z (I -a)13' which is lower than the terms _ Z -a -(2/ 3) neglected in deriving (48). So, the expectation value ( e &#x3E; in the range -3/2 &#x3E; a &#x3E; -5/2 will be determined from :
For a neutral atom, e Bp has form (7), and for an ion expression (10) is valid. The values A(a) and Aq(a) are presented in tables I and II. In particular, for a neutral atom [14] In table III the values of ( r-' &#x3E; from (50) are compared with the Hartree-Fock results [15] . It is seen that the error rapidly falls as Z increases, and at Z -100 it reaches 1 jo.
At -3/2 a -1/2, ( ,-a &#x3E;TF is the main term, the quantum term is the first correction for it and e Kp is the second correction. In this range of a, we can include all three contributions considered in the form :
In particular, combining (48) and (39), we obtain the asymptotic formula for a neutral atom with three exact terms A comparison with the Hartree-Fock data [15] shows that formula (52) can be used for rapid and reliable estimation of r-l ) beginning with Z -10 (Table III) .
Finally, at a &#x3E; -1/2, the quantum contribution gives a higher-order correction than ra )KP and can be omitted. Thus, at a &#x3E; -1/2, ; e &#x3E; is determined by (34).
Equations (49), (51) and (34) express the expectation values e &#x3E; as functions of a and the ionization degree within the TF-model with the exchange interaction, the inhomogeneity of the electron density and the strongly bound electron contribution included.
5. Relation with Z -1 perturbation theory. -As is known [16] , t4 &#x3E; for light atoms may be calculated from Z -' expansion Exact Bo(a, N) can be obtained by summation over the hydrogenlike ion states. The asymptotic function BO(a, N ) at a &#x3E; -3/2 is given within the TF-model as in [6] :
It has been recently shown [17] that the asymptotic expression of Bo(a, N ) within the hydrogen-like model fully coincides with (54).
For a -1/2, the asymptotic estimate of Bo includes the strongly bound electron contribution :
and at a -3/2, the second term in (55) becomes the leading one. Accurate calculation of the coefficients Bk(a, N) at k &#x3E; 0 is very difficult and has been made only for He isoelectronic series. Expressions (10), (29) and (42) give not only the structure but also a reliable estimate of Bk(a, N) :
Comparing the asymptotic Bo(a, N) from (54) and (55) with the exact ones, we have found that for a &#x3E; 0 there exists an oscillatory part of the relative order N -1/3 and for a 0 its relative order is N - '1' (Fig. I ) . We propose that the behaviour of the oscillatory contribution to Bk(a, N ) with k &#x3E; 1 is similar.
An important property of the Z -1 expansion coefficients follows from expression (56) : the ratio rapidly tends to the constant given by the TF-model at N -oo. In figure 2 the B21NB, = f(a, N) ratios are given with the corrections for the exchange and inhomogeneity of the electron density. It is seen that for the considered values of a the effects due to quantum corrections are essential for N 10 only. We expect that within the TF-model the ratios of Z -1 expansion coefficients are reproduced better than the coefficients themselves.
The most accurate coefficients in Z -' expansion can be obtained for the expectation values in the range -3/2 a -1/2 as follows from (51). For example, for ( r-1 ), combining (48), (10) and (42), we obtain :
The comparison of ( r-' &#x3E; from (57) for Ar isoelectronic series with the Hartree-Fock results [15] shows that the quantum mechanical ( r-' &#x3E; are well reproduced by expression (57) over the whole range of N and Z even for unclosed electron shells (Table IV) .
Values of e &#x3E; for ions at -5/2 a -3/2 are described by equation (49). Since in (49) the corrections Z -a -(2/3) are not included, its accuracy is lower than that of (57). However, in this case a reliable estimate of ( e &#x3E; may be also obtained (see Table IV ). 1) the expectation values of e are studied as a function of a and the ionization degree within the TF-model; 2) the analytical expressions for the corrections due to exchange and inhomogeneity of the electron density are given; 3) it is shown that the inclusion of a strongly bound electron contribution provides a reliable estimate of ( e &#x3E; for negative exponents at -5/2 a -3/2 and essentially improves it at -3/2 a -1/2 ; Upon calculations, we have :
The substitution of (A. 5) into (A. 4) gives equation (11) . In particular,
The values of A2(a) are calculated from the numerical estimates of J2(a). In order to obtain the functions £B1 (x) (N, Z) and AiX(a) with the exchange included in the first order, the function/i(y) -1 1 -3 and 0 = y are necessary [6] . x1 Using the boundary condition at x = 0 and bearing in mind that we find the relation of L11 x with xo and N/Z :
The N/Z series expansion of (A. 6) including (9) and setting the coefficients equal at equal powers of N/Z give (28).
One can see from (21) that when the exchange is taken into account in the first order with respect to fl, the following additional contribution to ( ?4 &#x3E; appear : . 1) a contribution due to xo -xo + A,x and A --, A + AA
